Abstract-Monitoring for the clandestine transport of nuclear and radiological materials at large public gatherings or special events, such as the presidential inauguration, is one element in a strategy for preventing their subsequent dispersal. Being able to track these materials as they approach or move through such a venue can provide law-enforcement personnel with important information. The focus of this paper is on methods developed by the authors to meet the challenges inherent in the tracking problem. Results of laboratory experiments performed using the RadTrac prototype system are described.
I. INTRODUCTION
O ne practical consideration in the development of systems for tracking illicit nuclear materials is the cost of the system measured in terms of hardware and the number and technical sophistication of support personnel needed to deploy and operate it. With the availability of inexpensive off-the-shelf hardware and software for building integrated networked sensor systems, the hardware cost is no longer prohibitive. Systems costing less than a hundred thousand dollars and deployed and run by a single trained individual are possible.
This paper describes such a system developed for tracking sources in temporary venues such as large public gatherings or special events, as for example the presidential inauguration. The system is able to determine position in near real time in the presence of large and time-varying numbers of people. Crowds act to not only reduce signal strength through shielding, effectively lowering the signal-to-noise ratio (SNR), but also to change the relative counts rates among multiple detectors thereby confounding estimation of position. Since minimizing equipment cost dictates large detector spacing which drives down SNR, methods are developed to achieve maximally informative position estimates in the face of weak signals.
II. KEY TECHNICAL CHALLENGES
There are four main technical challenges that we identify and describe below along with an overview of how we approached solving each of these problems.
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A. Position Uncertainty
A tracking capability should provide the operator with a measure of the confidence in the position estimate presented. Ultimately uncertainty traces back to the statistics of the counts and to the uncertainties in models representing physical processes. The challenge is to propagate these uncertainties so that detection and localization information when presented to the operator is qualified in terms of uncertainty. In this work position uncertainty is conveyed through a probability density function that overlays the venue. This function gives the probability of finding the source by position and is referred to as the probability density function (PDF).
B. Sensitivity
While the physical sensitivity of a tracking system is limited by the inherent sensitivity of the detectors, the manner in which the data from a system of networked sensors is processed determines how closely the theoretical limit is approached. In this work count rates from multiple detectors in the presence of a source are combined with the physics of radiation transport and a detector response function. Modeling this integrated behavior provides more information about source location and, hence, greater sensitivity than when detectors are taken in isolation of each other. Further improvement is achieved by making use of detector data correlation across time.
C. Shielding by Crowds
In this work, models for radiation transport provide the link from detector count rates back to source position. But shielding by people introduces error into a position estimate derived from a model-based method that does not adjust for the effects of shielding. Making the shielding correction by first solving the inverse radiation transport problem to determine the shielding characteristics, however, is computationally intensive and not practical for use in near real-time source tracking. A data-driven strategy is used instead. A parametric curve fitting procedure is used to learn a shielding model from a matrix of laboratory shielding experiments. In this approach source photon energy and shielding thickness are determined by the shielding algorithm from detector count rates. There is no requirement to know them a priori.
D. Real-Time Operation
Computational intensive tasks include accounting for the effects of shielding, estimating probabilities at each point on the venue grid, and updating console displays including fetching and displaying real-time camera images. The RadTrac implementation of our methods uses process multithreading to spread calculations across four or more core processors. This ensures that when run on a multi-core laptop computer, the detection and tracking information updates remain current so that the operator sees results in near real time.
III. METHODS
Methods developed to solve the technical challenges identified above are described in this section. These methods have been implemented to create RadTrac, a real-time software system for detecting and tracking sources.
A. Point Probability for Multiple Detectors
In principle the combined count rates seen at multiple detectors can provide more precise information about a source when the count rates are viewed as part of an integrated network. At a very basic level, the combined scintillator volume is greater than a single detector yielding an improved signal-to-noise ratio. To take advantage of the physics-based correlation among count rates across detectors, an extension to the single-detector probabilistic function [1] to multiple detectors is developed. In general, background will vary from detector to detector as will detector efficiency. The probability that two detectors will see a particular set of counts is as follows.
Let the subscripts i and j denote the two detectors. Since a count seen at detector i is independent of a count at detector j (assume each count is the consequence of two separate disintegrations that are independent of each other; registering of coincidence events is assumed negligible due to very small detector solid angle) the joint probability is the product of the individual detector probabilities
where Ș is the absolute efficiency, Ȝ is the probability of a single emission per unit time, n is the number of gamma rays counted in the time interval ǻt, r is the source-detector distance, and subscripts s denotes source, b denotes background, and 0 is a reference detector. Each of these two terms in Eq. (1) is given in [1] . Similarly, for m detectors, the probability of obtaining counts n 0 , n 1 , …, n m-1 in detectors 0 through m-1, respectively, is
where the left-hand side represents the joint probability and the right-hand side is the product of the individual detector probabilities.
The location of the source is taken to be that point in space where the probability of finding the source is greatest given the information embodied in Eq. (2).
Mathematically, the estimated position of the source is that location where the joint probability density function has its maximum value. Since the value of this function is conditioned on the values of parameters, it is referred to as a likelihood function. That is, as the values of parameters such as position coordinates x and y change, the likelihood of finding the source changes.
B. Confidence Regions
What is needed is a measure of absolute probability, in this work the contour where the source has a stated probability of being present. The maximum likelihood method applied to Eq. (2) at each (x,y) gives the maximum normalized probability that the source could be present given the observed count rates. Strictly this is a point probability and not a probability per unit spatial area. To obtain the proposed confidence-region capability, a spatially continuous measure of probability per unit area of grid is needed.
If the source position (x s ,y s ) is fixed and the source and background emit uniformly in time, then the source position will satisfy
where C is the number of counts. The overbar denotes a deterministic parameter. The count rate at the detector is then also uniform by our assumptions. Note all variables in this equation are deterministic. Given values for the source and background strengths and the detector count rate, then the ) y , x ( s s can be solved for directly.
If the background and source terms are permitted to vary according to Poisson statistics, then the detector count rate also becomes a random variable. Let the random variables be denoted by the symbols above absent the overbar. Then the above equation has its statistical counterpart
relating these random variables. Further, given known distributions 
where the coefficients a are partial derivatives. The source's location (x s ,y s ) is then assumed to be given by the probabilistic bivariate normal distribution:
Probabilities are computed at each grid point across the entire region of interest and ranked from most probable to least. By summing these probabilities (from highest to lowest) and accreting associated grid points until a user-specified confidence is passed (e.g. 0.68, 0.95, or 0.99), we obtain the region of desired confidence.
C. Temporal Linking
In principle source tracking can be performed with increased accuracy if data from past windows is included in predicting the current position. Source tracking is a stochastic problem because of the random variable component of source emissions. So qualitatively an estimator should perform better the greater the number of samples, or in our case, the number of time windows.
To include data from multiple past windows under the assumption that the source strength is unchanged across these windows, proceed as follows. The probability of a source at a particular location as given by Eq. (2) is generalized for the case of linked sample windows. For r windows in time up to and including the present window k, the probability of observing the following counts from the m detectors over the r windows 
The source position and source strength over the q windows are assumed to be the values of x k-(q-1) , y k-(q-1) , …, x k , y k and Ș 0 Ȝ s ǻt that maximize the likelihood that Eq. (9) produced the observed counts.
D. Shielding Phenomena
While seemingly straightforward, the dependence of scattering on shielding material is in fact quite complex. Because our approach of adjusting count rate in the presence of shield material (so that the corrected count rate reverts back to a simple distance-count rate relationship) is semi-empirical it is important that all phenomena are understood and, particularly, that their relative importance is known. Studies in the laboratory led to the identification of important "separate effects" of which five are described below.
D.1 Classic Exponential Attenuation
Simple line shielding performed in the laboratory using point sources yielded count rates significantly different from that predicted by the exponential attenuation model. Figure 3 compares the attenuation predicted by the exponential attenuation model for water of differing thicknesses compared to what was observed. The line marked "laboratory data" is total counts, not photo-peak counts. The model under-predicts counts with increasing fractional error as shielding thickness increases. A significant effort was spent identifying the phenomena giving rise to the difference in Figure 3 , quantifying their role, and understanding how additional shielding material not in the beam path could alter count rates.
D.2 Scattering
A set of experiments performed with line and wall phantom configurations lead to a set of hypothesized dependencies. First, a fraction of the photons emitted by the source in a direction other than the source-detector line are scattered back toward the detector by shielding. Second, some of these peak photons are removed or scattered away from the detector by shielding. Third, shielding in transit in the form of people alter the in-place scattering by structures (floor, walls, and support columns) toward the detector. The data suggest that Depending on the values of these parameters the net change in counts due to in transit shielding can be positive or negative relative to counts registered with in-place scattering. This result indicated that the shielding function we sought would need to be characterized through an exhaustive set of experiments. On the basis of this result we designed a matrix of over 100 shielding configurations that populated the range of phantom densities and source-detector distances anticipated, each for three source energies covering the energies of interest.
D.3 Energy Non-Dimensionalized
The attenuation in count rate for a fixed shielding thickness exhibits strong energy dependence. However, if the line shielding data is plotted as a function of mean free path, the dependence on energy is weak as seen in Figure 4 . In this figure, the x axis is the shielding thickness expressed in terms of the number of mean free paths (mfp) for the particular source. The mean free path, mfp, is the average distance a photon travels before interacting and is the reciprocal of the linear attenuation coefficient.
The figure suggests that expressing the attenuated count rate as a function of mean free path may simplify any curve fitting procedure used to represent the dependence of attenuation on energy, material, and shielding thickness.
D.4 Detector Shadowing
Shielding material in the immediate vicinity of a detector will have a more pronounced effect attenuating photons scattered toward the detector by building structures and by individuals. Shielding material in the immediate vicinity of a detector in the same density (mass per unit area) as that of a uniform shielding distribution far from the detector will A measure of the error was taken in an experiment. The data show the detector count rate with background subtracted off for the case of three phantoms in the line-of-sight. The data show an increase in solid angle due to shadowing at a detector reduces count rate. Compared with phantoms equidistant from the source and detector, for phantoms within a foot of the detector, count rate is reduced by ~10 percent.
D.5 Shielding Characterized
Analysis of the data from the matrix of over 100 shielding configurations and the non-dimensionalized energy result led to the following functional dependency for count rate attenuation as a function of shielding parameters ( ) ( ) * ( , , ) 1 ( , , ) * ( , , ) 0
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This model combines both attenuation and scattering phenomena to better predict the observed response of a detector system when used with a suitable scattering function. The joint attenuation-scattering Eq. (8) is the basis for the RadTrac shielding algorithm. The scattering term ( , , ) s r E t is a linear function derived empirically from the laboratory data. With a known source-to-detector distance, r, an estimate of the primary gamma energy, E, and an estimate of the thickness of shielding blocking the detector, t, the algorithm can adjust the observed net count rates to reflect an un-shielded configuration.
IV. TRACKING RESULTS WRT KEY CHALLENGES
This section presents results that characterize the performance of the methods of Section III with respect to three of the key technical challenges identified in Section II --position uncertainty, sensitivity, and shielding by crowds.
A. Position Uncertainty: Region of Confidence for Weak Source
The method of Section II.B identifies that region of the venue grid that has an a priori stated confidence of containing a source that has been detected. An experiment was conducted to gauge the efficacy of this method. In the experiment counts from five detectors for a 30 ȝCi Cs-137 source were collected for 600 successive 1 s time windows. The source strength and inter-detector distances were purposely chosen to yield a low signal-to-noise ratio at each detector. Rank ordered the detector SNRs were 4, 4, 3, 1, and 1. Essentially, at very low signal-to-noise ratio, there is not sufficient deterministic information to localize the source position. The intent was to challenge the statistical and linearity assumptions made in the method development.
A frequency measure is used to quantify how well the method-identified region of confidence represents the actual experiment data. It is defined as the fraction of true source positions that fall inside the calculated confidence contour compared to the theoretical fraction implied by confidence level (i.e. 68% for one-, 95% for two-, or 98% for threesigma).
The frequency measure was calculated for the source location at grid point (41, 15). See Figure 5 for the source detector configuration. The results appear in Table I . They indicate that even though the theoretical fractions are not met strictly, they are perhaps met well enough to convey a reasonable sense of the likelihood of finding the estimated position within the corresponding confidence contour. Figure  5 shows the PDF map with the source at (41, 15) for one of the 600 windows of Table I . The 68% confidence contour region is shown superimposed in white. (The white area partially covers the brown region which represents the region of maximum probability.) Figure 5 provides a sense of how big a 68 percent confidence contour is for SNR values given above. System sensitivity and tracking accuracy go hand-in-hand: as sensitivity decreases an increase in source activity is needed to maintain the same position estimate accuracy. The improvement in source position estimate accuracy achievable through temporal linking was characterized in an experiment where the source was sufficiently weak to result in a large scatter among successive estimated positions. Figure 6 shows estimated source position for a reference case where each collection window has been processed independent of the others (i.e. no temporal linking) using the "iterated source strength" algorithm. The experiment data are the same as those of Section IV.A. Since position is estimated to within integer feet, many of these points overlap. The result for the same data processed using temporal linking with 25 linked windows and the "strongest source strength" approximation is shown in Figure 7 . In the strongest source strength method the single detector with the greatest source counts is used as compared to all detectors for the iterated source strength method. The accuracy of the estimates is conveyed by the color temperature in these figures.
It is concluded from these figures and others not shown that the strongest source strength approximation and temporal linking both improve source position estimate accuracy, or equivalently, tracking sensitivity. 
C. Shielding by Crowds: Non-Uniform Phantoms and NonConvex Detector Pattern
A meaningful assessment of how well position is estimated in the case of crowds is obtained when the shielding pattern and detector placement challenge the underlying methods. There are two conditions for this. First, Figure 3 shows that for shielding thicknesses of up to one-and-a-half phantoms, the count rate fall off with thickness is very steep. We have found that the position error is greatest when operating in this region. Essentially one is trying to place oneself along a very steep curve using noisy data. Second, when a source lies within the region circumscribed by a convex set of detectors, a cancellation of position errors occurs because of symmetry. This cancellation is not present when the source lies outside the region. Thus, a line of detectors with the source displaced to the side of the line will not benefit from error cancellation.
An experiment meeting these two conditions was designed. Figure 8 shows what is a line of five detectors shielded by, moving from front to back, 0, 0, 4, 1, and 1 Figure 9b shows the result when the shielding model is enabled. The error is about a foot. A more precise statement of position uncertainty for this case would require stating the average SNR for the detectors, the source activity, and the average position error for a statistically large number of 1 s observation windows. Qualitatively, however, Figure 9 indicates the order of the error with and without the correction for the effects of shielding.
V. CONCLUSIONS
The problem of tracking weak sources in crowded venues was treated by first identifying the main technical challenges. Methods for addressing these challenges were described. Experiment results presented suggest that these issues have been addressed to the degree that the tracking capability of the related RadTrac software system provides performance unseen for systems of comparable hardware cost.
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